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50 Challenging Problems in Probability with Solutions

Probability is a fascinating branch of mathematics that deals with the likelihood of events occurring. It
combines elements of combinatorics, algebra, and logic to analyze uncertain situations. While many
probability problems are straightforward, there exists a rich spectrum of challenging problems that test a
deep understanding of concepts such as conditional probability, distributions, combinatorial reasoning, and
more. In this article, we explore 50 such challenging problems, each accompanied by detailed solutions to
enhance your problem-solving skills and deepen your understanding of probability theory.

1. Basic Probability and Combinatorics Challenges

1.1. Probability of drawing a specific card from a deck

Problem: A standard deck has 52 cards. What is the probability of drawing an Ace or a King? Solution:
Number of Aces = 4 Number of Kings = 4 Total favorable outcomes = 4 + 4 = 8 Total outcomes = 52
Probability = 8/52 = 2/13

1.2. Rolling dice and sum probabilities

Problem: Two fair six-sided dice are rolled. What is the probability that the sum of the two dice is 7?
Solution: Total outcomes = 6 × 6 = 36 Favorable outcomes for sum 7: (1,6), (2,5), (3,4), (4,3), (5,2), (6,1)
→ 6 outcomes Probability = 6/36 = 1/6

1.3. Multiple event intersection

Problem: In a group of 30 students, 12 play basketball, 15 play volleyball, and 5 play both. What is the
probability that a randomly selected student plays either basketball or volleyball? Solution: Number who
play basketball or volleyball = 12 + 15 - 5 = 22 Probability = 22/30 = 11/15

2. Conditional Probability and Independence

2.1. Conditional probability in card draws

Problem: A card is drawn from a deck. Given that the card is a face card (Jack, Queen, King), what is the
probability that it is a King? Solution: Number of face cards = 12 (3 each in 4 suits) Number of Kings = 4
Conditional probability = 4/12 = 1/3



2.2. Independence of events

Problem: Two independent events A and B each have probability 0.5. What is the probability that both A
and B occur? Solution: Since A and B are independent, P(A ∩ B) = P(A) × P(B) = 0.5 × 0.5 = 0.25

2.3. Conditional probability with urns

Problem: An urn contains 3 red and 5 blue balls. Two balls are drawn without replacement. What is the
probability that the second ball is blue given that the first ball was red? Solution: Given first ball is red,
remaining balls: 2 red, 5 blue Total remaining: 7 balls Probability second is blue = 5/7

3. Discrete Distributions and Expectations

3.1. Binomial distribution problem

Problem: A fair coin is flipped 10 times. What is the probability of getting exactly 4 heads? Solution: P(X=4)
= C(10,4) × (1/2)^4 × (1/2)^6 = C(10,4) × (1/2)^{10} C(10,4) = 210 Probability = 210/1024 ≈ 0.205

3.2. Expected value of a geometric random variable

Problem: A fair coin is flipped repeatedly until the first head appears. What is the expected number of
flips? Solution: Expected value for geometric with success probability p=0.5 is 1/p = 2

3.3. Variance of a binomial distribution

Problem: In the previous coin-flip problem, what is the variance of the number of heads in 10 flips?
Solution: Variance of Binomial(n=10, p=0.5): σ² = n p (1 - p) = 10 × 0.5 × 0.5 = 2.5

4. Continuous Distributions and Their Properties

4.1. Uniform distribution

Problem: A random variable X is uniformly distributed between 0 and 1. What is the probability that X is
less than 0.3? Solution: P(X < 0.3) = 0.3

4.2. Exponential distribution mean and probability

Problem: The lifetime of a machine component follows an exponential distribution with mean 2 years. What
is the probability that it lasts more than 3 years? Solution: Rate λ = 1/mean = 1/2 = 0.5 P(X > 3) = e^(-
λ×3) = e^(-0.5×3) = e^(-1.5) ≈ 0.2231

4.3. Normal distribution probability

Problem: A standard normal variable Z. What is P(Z > 1)? Solution: From standard normal tables, P(Z > 1)
≈ 0.1587
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5. Advanced Problems in Probability

5.1. The birthday problem

Problem: In a group of 23 people, what is the probability that at least two share the same birthday?
Solution: Probability no two share a birthday = (365/365) × (364/365) × ... × (343/365) ≈ 0.4927 Thus,
probability at least two share a birthday = 1 - 0.4927 ≈ 0.5073

5.2. Gambler's ruin problem

Problem: A gambler starts with $10 and bets $1 each round, winning with probability 0.4. What is the
probability that the gambler reaches $20 before going broke? Solution: Using the gambler's ruin formula
for p ≠ q: P = ( (q)^initial / (q)^target ), where q = 1 - p = 0.6 P = ( (0.6)^10 ) / ( (0.6)^0 ) = (0.6)^10 ≈
0.0060 Note: Since the starting amount is less than the target, and p<0.5, the probability is very low.

5.3. Polya’s urn problem

Problem: An urn contains 3 red and 2 blue balls. Balls are drawn at random, and each drawn ball is
replaced along with an additional ball of the same color. What is the probability that the third ball drawn is
blue? Solution: This is a Polya’s urn with reinforcement. The probability depends on previous draws, but
without specific draws, the probability can be calculated via recursive or Markov chain methods, which
results in a more complex solution. The key insight is that the process is exchangeable, and the probability
that the third draw is blue remains consistent with the initial proportions, adjusted for the reinforcement
effect.

6. Problems Involving Multiple Distributions

6.1. Mixture distribution problem

Problem: A random variable X is equally likely to be from a uniform distribution on [0,1] or an exponential
distribution with rate 1. What is the probability that X is less than 0.5? Solution: P(X<0.5) = 0.5 ×
P_uniform(<0.5) + 0.5 × P_exponential(<0.5) P_uniform(<0.5) = 0.5 P_exponential(<0.5) = 1 -
e^{-1×0.5} ≈ 1 - e^{-0.5} ≈ 0.3935 Total probability = 0.5×0.5 + 0.5×0.3935 = 0.25 + 0.19675 ≈
0.44675

7. Real-World Application Problems

7.1. Quality control problem

Problem: A factory produces items with a defect rate of 2%. If 100 items are randomly selected, what is
the probability that at most 1 item is defective? Solution: Model as Binomial(n=100, p=0.02). P(at most 1
defective) = P(0) + P(1) P(0) = C(100,
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intelligence. Its intricate problems often serve as rigorous tests of intuition and analytical skills, revealing
the subtle complexities lurking beneath seemingly simple questions. For enthusiasts and experts alike,
tackling challenging probability problems is both a stimulating mental exercise and a vital pathway to
mastering the discipline. In this comprehensive article, we explore 50 of the most challenging problems in
probability, providing detailed solutions, insightful explanations, and strategies for approaching similar
questions. Whether you're a student preparing for exams, a researcher seeking advanced problem sets, or
a seasoned mathematician refining your intuition, this review aims to elevate your understanding and
problem-solving prowess.

Understanding the Nature of Challenging Probability
Problems

Probability problems often appear deceptively simple but hide intricate nuances. Challenging problems
typically involve complex conditional probabilities, combinatorial reasoning, continuous distributions, or
intertwined random events. They challenge your ability to: - Recognize independence and dependence -
Apply advanced combinatorial techniques - Manipulate continuous and discrete distributions - Use
symmetry and invariance - Implement Bayes’ theorem creatively - Understand measure-theoretic
foundations for advanced questions Our curated list spans diverse topics, from classical problems to
modern puzzles, each accompanied by comprehensive solutions.

Problem 1: The Monty Hall Problem

Question:

Suppose you're on a game show, presented with three doors: behind one is a car, behind the other two are
goats. You pick one door, say Door 1. The host, who knows what's behind the doors, opens another door,
say Door 3, revealing a goat. He then offers you the chance to switch to the remaining unopened door.
Should you switch? What are your chances of winning if you switch versus if you stay?

Solution:

This classic problem hinges on understanding conditional probability. Step 1: Initial choice probability -
Probability your initial pick is the car: 1/3 - Probability your initial pick is a goat: 2/3 Step 2: Host's action -
If your initial pick was a goat (probability 2/3), the host must open the other goat door (since he can't
reveal the car). - If your initial pick was the car (probability 1/3), the host opens one of the two goat doors
at random. Step 3: Calculating probabilities after the host opens a door - If you stay with your initial choice,
your probability of winning remains 1/3. - If you switch, your probability of winning is the probability that
your initial choice was a goat (2/3), because in that case, switching to the remaining unopened door yields
the car. Conclusion: Switching doors increases your probability of winning to 2/3, while staying keeps it at
1/3. Therefore, it's advantageous to switch.

Problem 2: The Birthday Paradox
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Question:

In a group of 23 people, what is the probability that at least two share the same birthday? Assume 365
days in a year and ignore leap years.

Solution:

This problem exemplifies how probabilities can defy intuition. Step 1: Calculate the probability that all 23
birthdays are distinct: \[ P(\text{all distinct}) = \frac{365}{365} \times \frac{364}{365} \times
\frac{363}{365} \times \ldots \times \frac{365 - 22}{365} \] which simplifies to: \[ P(\text{all distinct}) =
\prod_{k=0}^{22} \left(1 - \frac{k}{365}\right) \] Step 2: Compute the probability that at least two share
a birthday: \[ P(\text{at least one shared}) = 1 - P(\text{all distinct}) \] Approximate Calculation: Using
approximation or logarithmic calculations, this probability is roughly 0.507 or 50.7%. Thus, in a group of
just 23 people, there's a better than even chance that two share a birthday.

Problem 3: The Coupon Collector Problem

Question:

Suppose there are \( n \) different types of coupons, and each coupon collected is equally likely to be any
one of the \( n \). How many coupons do you expect to need to collect to have at least one of each type?

Solution:

This problem models the expected number of trials to collect all coupons. Key idea: The expected number
of coupons needed, \( E(n) \), is: \[ E(n) = n \times H_n \] where \( H_n \) is the \( n \)-th harmonic number:
\[ H_n = 1 + \frac{1}{2} + \frac{1}{3} + \ldots + \frac{1}{n} \] Derivation: The expected number of
coupons to get a new type after having \( k \) types: \[ E_k = \frac{n}{n - k} \] So, total expected coupons:
\[ E(n) = \sum_{k=0}^{n-1} \frac{n}{n - k} = n \sum_{k=1}^n \frac{1}{k} = n H_n \] Conclusion: For
large \( n \), \( H_n \) approximates \( \ln n + \gamma \), where \( \gamma \) is Euler-Mascheroni constant
(~0.5772).

Problem 4: The Gambler’s Ruin

Question:

A gambler starts with \$50 and plays a game where each bet has a 50% chance of winning \$1 and a 50%
chance of losing \$1. The game ends when the gambler reaches \$0 or \$100. What is the probability that
the gambler reaches \$100?

Solution:

This is a classic symmetric random walk with absorbing boundaries. Key result: For a fair game with
absorbing states at 0 and N, the probability of reaching N starting from position \( i \) is: \[ P(\text{reach }
N) = \frac{i}{N} \] Application: Starting at \$50 with boundaries at \$0 and \$100: \[ P = \frac{50}{100} =
0.5 \] Interpretation: There's a 50% chance of reaching \$100 before hitting \$0.



Problem 5: The Polya Urn Model

Question:

An urn contains one red and one blue ball. At each step, a ball is drawn at random, its color is noted, and
then the ball is replaced along with an additional ball of the same color. What is the probability that after
many steps, the proportion of red balls converges to 1?

Solution:

This problem models a reinforcement process. Key insight: The process exhibits a martingale property for
the proportion of red balls, which converges almost surely to a Beta distribution: \[ \text{Proportion of red}
\to \text{Beta}(1,1) \equiv \text{Uniform}(0,1) \] Implication: The probability that the proportion
converges to 1 (i.e., eventually all red) is zero, because the process is almost surely convergent to a
random limit in \([0,1]\). The probability that this limit is exactly 1 is zero. Conclusion: In the long run, the
proportion of red balls converges to a random limit uniformly distributed over \([0,1]\). The probability that
the urn ends up with all red balls (proportion 1) is zero.

Further Problems Covering Advanced Topics

The next set of problems explores more complex areas—conditional probability, stochastic processes,
Bayesian inference, and measure theory. Each is designed to challenge your reasoning and deepen your
understanding.

Problem 6: Bayes’ Theorem in Medical Testing

Question:

A disease affects 1% of the population. A test for the disease has a 99% sensitivity (true positive rate) and
a 95% specificity (true negative rate). If a person tests positive, what is the probability they actually have
the disease?

Solution:

Applying Bayes' theorem: \[ P(\text{disease} | \text{positive}) = \frac{P(\text{positive} | \text{disease})
\times P(\text{disease})}{P(\text{positive})} \] Where: \[ P(\text{positive}) = P(\text{positive} |
\text{disease}) \times P(\text{disease}) + P(\text{positive} | \text{no disease}) \times P(\text{no
disease}) \] Calculations: - \( P(\text{positive} | \text{disease}) = 0.99 \) - \( P(\text{positive} | \text{no
disease}) = 1 - \

Questions & Answers About 50 challenging problems in
probability with solutions

No Question Answer
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1 What is the main goal of the book
'50 Challenging Problems in
Probability with Solutions'?

The main goal is to present a collection of challenging
probability problems along with detailed solutions to enhance
understanding and problem-solving skills in probability
theory.

2 How can solving these problems
improve my understanding of
probability concepts?

Solving these challenging problems encourages deep
engagement with probability concepts, helps identify
common pitfalls, and develops analytical and critical thinking
skills necessary for mastering probability.

3 Are the problems in the book
suitable for beginners or advanced
students?

The problems range from moderately challenging to highly
difficult, making them suitable for students with a basic
understanding of probability who wish to deepen their
knowledge, as well as for advanced learners seeking to test
their skills.

4 Do the solutions in the book
include step-by-step explanations?

Yes, the solutions are detailed and include step-by-step
explanations to help readers understand the reasoning
behind each answer and learn problem-solving techniques.

5 Can this book help me prepare for
exams or competitive competitions
in probability?

Absolutely, the problems are designed to challenge and
sharpen your skills, making the book a valuable resource for
exam preparation and competitive events in probability and
related fields.

6 Are the problems in the book
based on real-world applications?

Some problems incorporate real-world scenarios to illustrate
probability concepts, while others focus on theoretical
challenges to deepen mathematical understanding.

7 Is prior knowledge of advanced
probability topics required to
understand the problems?

A basic understanding of probability principles is
recommended, but the book gradually introduces more
complex concepts, making it accessible to motivated learners
ready to tackle challenging problems.

8 Does the book include any hints or
strategies for approaching difficult
problems?

While the primary focus is on solutions, some problems
include hints or suggested strategies to guide readers in
developing effective problem-solving approaches.

9 How is the difficulty level of
problems in the book distributed?

The problems are arranged from relatively accessible to
highly challenging, providing a progressive learning curve to
build confidence and skill gradually.

10 Would this book be beneficial for
someone interested in research or
advanced studies in probability?

Yes, the challenging problems and their solutions can serve
as excellent practice for researchers and advanced students
aiming to deepen their understanding and develop innovative
problem-solving skills in probability.

probability problems, challenging probability questions, probability puzzles, solutions to probability
problems, advanced probability exercises, probability problem set, probability theory practice, difficult
probability questions, probability problem solutions, teaching probability skills
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